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1 Closed-form solution of \np i,

As mentioned in Section 3.1, the easiest way to solve the problem

R = argming A min

consists of applying the gradient descent approach. More interestingly, Am min
can be solved in closed form. Since M is a real symmetric positive-definite matrix,
the eigenvalues of M are real positive values. They are given by the roots of the
third-order polynomial det(M — AI3) = 0, which can be solved in closed form.
Let A2 + b1 A2 + ba\ + b = 0 be this constraint. The smallest root is then always
given by

by = —mi1 — maz —m33
2 2 2
by = —mi3 — ma3 — miy + mi1ma + m11ma3 + maamss3
2 2 2
b3 = maami3 + mi1maz + M3zmiy — M11M22M33 — 2M12M23M13

s = 2b3 — 9byby + 27b3
t = 40 - 3by)?
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Gradient descent is easily realized via a numerical computation of the Ja-
cobians. However, as explained in Section 3.1, the application of Levenberg-
Marquardt requires the availability of more constraints and notably constraints to
zero. These are given by all partial derivatives w.r.t. the Cayley parameters set to
zero, which constitutes the definition of a minimum. They are given by
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The partial derivatives can again be computed in closed form. As an example,
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The partial derivatives with respect to other Cayley parameters (i.e. y and 2)

are essentially the same, except for the final rotation matrix derivatives. These
result to
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2 Derivation of bound on variation of smallest eigenvalue

2.1 Bound on the variation of R

We have seen in Section 3.2 that

1422 —y? =22 2(—z + zy) 2(y + xz2)
R= 2(z + zy) 1— 2% +y% - 22 2(—x + yz)
2(—y + z2) 2(x + yz) 1—a?—y? 422

represents a good parametrization of the rotation. Now let 2’ = z+x*, v’ = y+y*,
and 2’ = z + z* be varied Cayley parameters with bounds on the absolute variation
given by |z*|,|y*|,|2*| < e. Let R/ be the rotation matrix that corresponds to
2’, 1/, and 2/, and R* be the concrete variation of the rotation matrix such that
R’ = R + R*. The absolute bound R on the variation of the rotation matrix is
derived as follows.

Rl = R'-R|
14+ x/2 _ y/2 _ 2/2 2(_2/ 4 x/y/) 2(3// + QS’Z/)
— 2(21 + x/y/) 1— x/2 + y/2 _ Z/2 2(—.73/ 4 y’z’) o
2(—3/ + x/z/) 2(3:/ + y/z/) 1— :L,IZ _ y/2 + Z/Q
1+a2%— g% — 22 2(—z + zy) 2(y + x2)
2(z + zy) 1—22+9y? 22 2(—z+y2)
2(—y +z2) 2(z +yz) 1— 2% —y? 4 22
\me*+x*2—2yy*—y*2—222*—z*2\ 2‘$y*+y$*+$*y*—2*‘
— 2|xy*+ym*+w*y*+z*| \—Qxx*—x*2+2yy*+y*2—2zz*—z*2
2xz" 4 zx* + x¥ 2" — y*| 2yz" + zy* +y 2" + |

| — 2z — 2™ — 2yy* —y™2 + 222" 4 2

(2(|x+|y|+z)e+3e2 2(|z| + [yl + 1)e + € 2(x|+|z|+1)e+62)
<

20xz" 4+ zz* + 72" + 7|
*2|

2|z + |yl + e+ € 2(lz| + [yl + [2)e+ 36 2(lyl + 2| + e+ €
2|z + |zl + e+ 2(lyl+ |zl + De+e* 2(Jx| + [y| + [2])e + 3€°
2(|z + |yl + |z)e+ 3> 2(|z| + [yl + De+2€  2(|z| + |2| + 1)e + 2€
=R=| 2(z|+ |yl + De+26  2(|z|+ |yl + |2])e + 36 2(|y| + |z| + 1)e + 2€°
2(|z| + 2| + 1)e+26  2(Jyl + |2z[ + De+ 26> 2(|z| + |y| + |2])e + 3¢

2.2 Bound on the variation of M

As indicated in (4), the elements of M are a function of the rows of the rotation
matrix R. By having a bound on the variation of the elements of the rotation matrix
R—namely 'R—we can now derive a bound on the variation of the elements of M,
denoted by M.

To start with, let’s simplify the problem a bit by noting that all the elements m
of M are linear combinations of terms of the form r,Jr] , with a,b € {1,2, 3} and



J being the symmetric summation term over the bearing vector correspondences.
Denoting this function by g,;(J), we have

@ap(J) =1oIr] = Tarreijin + ra2rpiiiz + rasreiis

+  Ta1Te2j12 + ra2Tb2J22 + Ta3T62J23

+  Ta173J13 + Ta27b3J23 + 3763733
where 7;; denotes an element of R and j;; an element of J. Let’s denote by q;b(.] )
the result of this function based on a varied input rotation R’. Absolutely bounding
the concrete variation ¢*,(J) = q,(J) — ¢as(J) based on the maximum absolute
rotation variation R then results in a bound on the absolute variation of g,;(J),

denoted by 0,,(J). If r;- ; denotes the elements of R’ and R;; the elements of R,
the derivation looks as follows.

@) = law() — qa(I)]
= [(ra1 4 761) (To1 + 741)d11 = Tarrpidin + (Ta2 + 742) (Te1 + 75)J11

—Ta2rb112 + (Ta3 + 743) (1b1 + 741 )13 — Ta3Tb1513

+(ra1 4+ 701) (o2 + Th2)J12 — Ta1Th212

+(Ta2 + 7o) (Th2 + Thp)d22 — TazTh2j2e + (Ta3 + 743) (Te2 + Th)j23

~7a3702J23 + (Ta1 + 741) (153 + Th3) 313 — Ta1763513

+(ra2 + 142) (163 + T13)J23 — Ta27b3723

+(ra3 + 143) (163 + T13)J33 — Ta3Tb3733]

751711 Ra1 + [Ta1d11|Re1 + [711|Ra1Re1 + [Ta2i12| Rt

+rp1i2|Raz + [J12| Ro1Ra2 + [Ta3513| Re1 + 761713 Ra3

+1718| Re1Ra3 + |Ta1j12|Rez + 762512 Ra1 + [j12| Re2Ra1

+|ra2jo2|Ruz + [rb2j22|Raz2 + |722| Ra2Re2 + [ra3j23| Rz

+|rp2j23| Ra3 + [723| Re2Ra3 + |Ta1j13| Rz + 163513 Rat

+1713|Re3Ra1 + [Ta2723| Rez + [73523| Raz + [723| Rz Ra2

+[ra3733| Re3 + 113733 Raz + |33/ Re3Ra3

= 0u(J) = [rpri11|Ra1 + [ra1ji1|Rer + [711|Ra1Re1 + [ra2ji2| Rt
+rprii2|Raz + [j12| Re1Ra2 + [Ta3513| Rt + 751513 Ra3
+1713|Ro1Ras + [Tarji2| Rez + [rs2i12| Rat + [j12| Re2Ra1
+|razjo2| Rz + [re2jo2|Ra2 + |j22| Ra2Re2 + [ra3j23| Rz
+|rp2j23| Raz + |723| Re2Ra3 + [Ta1J13| Rz + 163513 Ra1
+1713| Re3Rar + |7a223| Rz + [763523| Ra2 + [J23| Re3Raz
+[ra3733| Rz + 113733 Ra3 + |33/ Re3Ra3

IN

Now let M’ be a perturbed matrix M, and M* be the perturbation such that
M’ = M + M*. The final goal is to put a bound on the perturbation M*. We have
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—q23 mefm + q13 mefyzF/
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Similarly, we have M, denoting the elements of M* and M;; denoting the
ones of M. M denotes the seeked bound on the absolute variation of M. We
obtain



M| = |m’11—m11\

n n n
= |¢]§3(Z nyzFé) - 2(153(2 fyif=iF5) + q/22(z f2F})
; pat ;
n
—q33 Z yiFi) + 26123(2 fyif=iF}) — q2o Z 2F))|
i=1

= ’qgs(z fiF;) — 2(1;3(2 fyif=iF7) + qu(Z fZF))
i1
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«933(2 P2F) + 20553 FyifuiF)) + 002(Y " F2FY)
‘ i=1 i=1

= M = 0s3( Z o F) +2923(nyifziF;)+922(Z ZF})

=1

and analoguous derivations lead to

Moy = O ( ZfZZF, ) + 2613( folfzz ) + 033( me

Msz = O Zfa%zF, ) + 2012( mefyzF/ ) + 6 ( Z yziF;

=1
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2.3 Bound on the largest Eigenvalue of M~ /2 M*M /2

As already mentioned in the paper, the bounding of the spectral norm of

M2 ppv- L2

requires to bound the absolute value of the roots of the characteristic polynomial
of this matrix, which in turn—due to the Lagrangian bound—requires to bound the
absolute value of the coefficients as, a1, and ag of the characteristic polynomial.
The latter is given by det(M~'/2M*M /2 — uI3) = — i 4 agp® + a1pu+ ap. In
order to simlify the notation a bit, let’s introduce another variable S with s;; being
the elements of S, and such that S = M~1/2, The coefficients result to:

az = 15T+ My sty + Miy sty + Miysiy + Miyssy + Miysss + Migsts
+M§3S§3 + M§3S§3 + 2M75511812 + 2M (58128922 + QMT3811313
+2M7,513523 + 2M 73512523 + 2M 53512513 + 2M 3513533
+2M33592523 + 2M353523533



ai

*2 4 *2 4 *2 4 *2 *2
Mi3sis + Mi3sis + Masss + M S11522 +M 2311523
«2 .2 2 «2.2 2 %2 2
+Mi3s19813 + Mis 512523 + M;3 313322 + M;3s3 835 + Mi3sTysis
* *
+ M35, 555 + Mi3sTys5s + Mi3sTasss + Mi3siasss + Mi3sisss,

2 4
FM33515855 + Mi3sTas5g + Mb3s3as55 — M Mbysly — M Migsts
* * 4 * * * * 2 2
— M5 M33855 — M 1M22511522 M 1M22511523 M1 M55879513
* * 2
_M11M22512523_ 11M22513522_ 11M33311523

_M*1M§33%25%3 - M*1M§33%15§3 - M*1M§33%25§3

-Mj 1M33513523 M22M33512523 M22M33513522

—M22M33312533 - M22M33313523 - M22M33522533

—2./\4?%8118%2822 — 2./\/1’{%8118%3833 — 2/\/[;%8228%3833 — 2MT1M338128?3
—2M7M; 3512313 + 2M12M13312513 + 2M7 2/\4“{38‘;’2313

+2M12M 3512523 + 2M 2M23512523 — 2M13M;28125§3

—2M3 3M22512523 2/\/112/\/133513323 2M; 2M33513323
+2M13M23813823 + 2M13M23813823 + 2M11M22811812822
+2M>{1M;38118%2823 — 2MT2MT38118%2823 + 2MT1M§38118%3823
72MT1M;3S%1822523 — 2MT2MT38115%3523 + 2M>{2MT35%1522523

F2M iy Miys11813550 — 2M i3 M5ys1181355 + 2Mi; M5ys1251355;
—2MT2MT38128138§3 + 2MT2M;3811813833 — 2M*2M§3S§2813822
72M>{2M§3811812833 2M13M22511813823 + 2M 3M22812813822
+2MT3M;35115128§3 — 2M11M23811523833 — 2M11M23513822523
+2MT1M§35118%3833 + 2MT2MT38§1523833 + 2MI2MI3S%3822523
—2MT2M;38128%3823 — 2MT2M§38118128§3 — 2MT2M§38128%3822
+2M>{3M;2812S%3523 + 2MT3M;3$11812$§3 + 2MT3M;38125§3822
—2./\/1’{1./\/1;35%2823333 + QMTQMT3S?2523833 — 2MT2M;3813822833
+2M*2M;3S%2813833 + 2./\/1*2./\/1&8?2513823 + QMY3M§28138225§3

—2M 3M22812815833 — 2M13M23812813823 + 2M12M238138§2833

—2 My Mi3519822553 + 2M o Mi3512873533 — 2Mi3 M5s1355, 533
+2M>{3M;3S128223§3 — 2MT3M;38125§3833 + 2MT2M§38128§3533
—2M>{3M;38128%3833 + 2M;2M§3822833833 — 2./\/1’{3811812813823
—2M3511512513523 — 2M 3512513502823 — 2M53512513592523
—2M3512513503533 — 2M53812513823833 + 2M 7 Mo511512513523

F2MT  M53511512513520 — 2M 1o M3511512513822 + 2M 1 M5,512513522523
+2MT M53511512513533 + 2M 71 M33511512513523 — 2M o MT3511512513533
—2M7TyM33511512522523 + 2M T3 M55511512522523 + 2M7 1 M353512513522533
—2M7yM3512513522833 — 2M 7o M53511512523533 + 2M 3 M33511513522523
F2M 3 M59511512523533 — 2M 3 M53511513522523 + 2M 1 M33512513523533
—2 M7y M33512522523533 + 2M 7o M33511513523533 + 2M 3 M5,512522523533
—2M3M33511513523533 + 2M5,M33512513522523 + 2M 5 M33513522523533

* * * *
—2M3M353513522523533 + 2M 55 M 5551251352333
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ap = *M11M355%1523 T1M533%3522 MT§M22511533
—M11M§§54112333 MI§M33311523 - M13M22513322
_M*2M33513322 - *§M§2341125§3 - *§M§35%23§3
-Mj 1M23311522533 AM] 1M233123135§3 *§M§23%15§25§3

« 2 2 2
—4M13M22512313523 - Mj M33511322533 4M] M33512313523
* * * 2 4 * * * 4 2
F M M5y MigsT) 553 + 2Miy Mg MiasT, 55 + MT My Mississs,
* 4 2 * * * 4 2 * * * 4 2
F2M Iy Mg M33513850 + M Mo Mi3875833 + 2M s M3 M33575835
x 2 2 2 * * * 2 2 2
F M M5 Mi3871 852833 + M M5 M33875573853
* * * 2 2 2 * * * 2 .2 2
F2M o M3 M353871 855855 + 8M o M3 M53575513553
* *2 2 2 * *2 2 2
F2M 1 Mo3s115T9520833 — 2MT 1 Mi3511573522593
* *2 2 2 * *2 2 2
—2M7 M355511579553833 + 2M 71 M55511573559533
2 2
F2MGE M y51159952085; — 2Mi3 Mby51159352255
* *
+2M 1M23811322523833 - 2M11M23812813822533
2 2 2
+2MEM3511559520553 — 2MG2Mi51157550255;
* 2 2 *2 * 2 2
—2M13M22811812823833 + 2M 5 M55511573559533
*2 * 2 2 *2 * 2 2
—2M5M335118715853833 + 2M15M355511873559533
*2 *x 2 2 *2 *x 2 2
+2M5M35871 822853833 — 2M13M59575573522533
*2 * 2 2 *2 * 2 2
+2M M33811822823833 - 2M M33812813822833
3
+4M11M23811812813823 -+ 4M 3M22811312313523
+4M11M235123?3522823 + 4./\/112./\/133811812813533
*2 * 3 * *2 3
+4M 3./\/‘22812813322823 + 4M11M23812813823533
FAMGE M 5512873520803 + AM3M5y555513523833
2
Jr4'/\/112'/\/133512513523533 - 2M11M22M33311512322533
* * * 2 2 * * * 2 2
+2M11M22M33311813822523 - 4M12M13M23311512822833
* * * 2 2 * * * 2 2
FAMI M3 MG3511573822853 + 2MT1 M5 M33511575853833
* * * 2 2 * * * 2 .2
_2M11M22M33811513822833 + 4M12M13M23811512823833
* * * 2 2 * * * 2 2
74M12M13M23511513522533 — 2M11M22M33511522523533
* * * 2 2 * * * 2 2
+2M 1M22M33312513822533 - 4M12M 3M23311522823333
3
HAMG M M3 579833520533 — AM Mo Mi3511512513583
* * *
—8M 2./\/1 3/\/123811812813823 4M 1M22M33812813822823
3
*8/\/112/\/113/\/123512513822823 — 4M11M22M33512813523333
* * * 3 * *2
—8M12M13M23812813823533 — 4M11M23811812$13822823833
*2 * *2 *
—4AM 3 M355511512513522523533 — 4M 5 M55511512513522523533
* * * * * *
+4M11M22M33811812513822823333 + SM12/\/113M23511812813322823833

By turing every minus sign into a plus sign, replacing every s;; by its absolute
value , and every M7 ; by the corresponding element M;; of M, these expres-
sions represent the seeked absolute bounds as, a1, and o on the coefficients of the
characteristic polynomial. The bound on the eigenvalue variation is finally given

bY [N perturbed — il < Ailaz + oy’ + ap).
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